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An adaptive � nite element method for solving compressible turbulent � ows up to transonic regime is presented.
Pressure-based methods previously developed for laminar compressible � ows and turbulent incompressible � ows
are combined to solve compressible turbulent � ows. Turbulence is incorporated via the k–² model. The algorithm
uses the logarithms of k and ² as computationalvariables to preserve positivity. Solutionsare obtained in primitive
variables using quadratic � nite elements on unstructured grids. The error is estimated by a local projection
method. The solution algorithm and error estimation are validated on problems with known analytical solutions.
The method is then applied to compressible subsonic and transonic � ows and predictions are compared with
experimental measurements.

Nomenclature
cp = speci� c heat
E = roughnessparameter
E = natural logarithm of ²
f = body force
I = identity matrix
K = natural logarithm of the turbulence kinetic energy (TKE)
k = TKE
M = Mach number
Pr = Prandtl number, .¹cp/=¸
P.u/ = production term
p = pressure
qs = heat source
R = thermodynamic gas constant
Re = Reynolds number, .½U L/=¹
T = temperature
u = velocity vector
P° = strain rate tensor
² = turbulence dissipation rate
· = von Kármán constant
¸ = thermal conductivity
¹ = viscosity
½ = density
¿ = stress tensor
r = gradient operator
r¢ = divergence

Subscripts

T = turbulent
w = values on the boundary

I. Introduction

T HE numerical simulation of compressible viscous � ows in
aerodynamics results in a tightly coupled system of nonlin-
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ear equations in which parameters often take extreme values. Such
problems place special demands on the solution algorithm. Flow
features such as boundary and shear layers, recirculationzones, and
shock waves need to be properly resolved to achieve an accurate so-
lution.Furthermore, in many cases it is dif� cult to determinea priori
where the mesh must be re� ned to accurately capture the physics of
the � ow.

The method presented here is aimed at � ow problems where in-
compressibility plays a key role. For example, an airfoil at takeoff
conditions is characterized by an upstream Mach number in the
vicinity of 0.3, the upper end of the incompressible � ow regime.
However, the � ow over the airfoil may reach local Mach numbers
as high as 0.6–0.7. As another example, consider a pressure vessel
� lled with a highly pressurized gas subject to a small local failure.
The � ow may reach the speed of sound as the tank is vented into
its still surroundings. Viscous � ows spanning this compressibility
range are notoriously dif� cult to solve with density-based meth-
ods. Much effort has been devotedat preconditioningdensity-based
methods with some success.1 However, pressure-basedmethods are
ideally suited for the incompressible � ow regime. Such a method
has been retained for the present study. The price to be paid is that
the formulation is nonconservative so that shock strength predic-
tions may be less accurate than those obtained by a density-based
method. In primitive variables, the jump at the shock is accurate to
the truncation error of the scheme.

Two-equation models with wall functions are powerful tools for
solving complex turbulent � ows because they provide good pre-
dictions at low cost. There is even a renewal of interest for wall
functions because of their cost effectiveness.2 – 4 One major hurdle
in the numerical treatment of two-equation models lies in ensuring
that the turbulencevariables (here k and ² ) remain positive through-
out the � ow domain and during the course of iterations. Failure to
ensure this realizabilityconditioncan havedevastatingeffectson the
solution process. The eddy viscosity may locally become negative
and result in immediate and irrecoverablebreakdown of iterations.

Most positivity promoting algorithms are developedon a case by
case basis because their design depends in part on the details of the
turbulencemodel being used. The use of solution clipping and lim-
iters is very widespreadbecauseof their robustness.However, using
solution clipping and limiters does have two drawbacks. First, the
convergenceof the solver is slowed down because clippedvalues of
the solution destroy the solution residuals. Second, clipping intro-
duces noise and oscillations in the solution � elds. Negative values
that are locally reset to some small positive values can result in lo-
cally very large solution gradients, and hence large curvature, even
if the values of k and ² are small. This is extremely detrimental
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to adaptive solution algorithms because they tend to cluster grid
points in these regions. The net result is that the mesh is being
adapted to the inability of the solver to produce a smooth and posi-
tive solution,rather than re� ning the grid in regionsof large solution
curvature. Solving for the natural logarithm of turbulence quanti-
ties is proposed in Refs. 5 and 6. This results in improved solution
smoothness so that quantitative improvements by adaptive remesh-
ing can be fully realized. This choice has several important advan-
tages. Turbulence variables and source terms are all strictly positive
throughout the domain. The change of variables also results in im-
proved accuracy in regions of rapid variation of turbulence � elds
such as boundary layers, stagnation points, and shear layers, or in
regions of very low-turbulence levels. This approach is also appli-
cable to compressible � ows and is effective for all two-equation
models of turbulence.7 Luo et al.8 have implemented this approach
in a density-basedsolver, and they report encouragingresults.How-
ever, no adaptivity was used.

Initial success with adaptive methods were achieved in tran-
sonic Euler � ows because of the pressing need for accurate shock
predictions.9 A simple and popular approach consists in clustering
points in regionsof large gradients of a key variable such as density
or Mach number.10 Although effective for Euler � ows, the method
doesnotperformas well for viscous� ows. Suchmethodsexperience
dif� culties in detectingboth shocks and boundary layers.This is not
surprising because the two phenomena are characterized by differ-
ent physics.An error estimatorof this kind, designedfor anisotropic
adaptation and compressible � ows, was presented by Fortin et al.11

It is based on the evaluationof the second derivativesof density and
is restricted to linear elements. The presentwork uses quadraticele-
ments. Furthermore, in the present case, the tight coupling between
all � ow variables requires computationof error estimates for all de-
pendent variables. Recently, Becker and Rannacher12 developed a
family of estimators based on the solution of a dual problem for the
error.The methodwas developedfor a linearproblemanda Galerkin
� nite element method.Extensionsto nonlinearproblems and/or sta-
bilized � nite element techniques is a nontrivial issue. Zienkiewicz
and Zhu13 proposed a postprocessingerror estimator based on pro-
jection.Essentially,the methodconsistsin constructingsmooth con-
tinuousderivativesbya least-squaresprojectionof thediscontinuous
� nite element derivatives.The error is then evaluated by computing
the difference between the recovered derivatives and � nite element
derivatives using an energy norm. This method was used by Wu
et al.14 to estimate error for transient solutions of the incompress-
ible Navier–Stokes equations.Recent work reports improvement in
the accuracy of the recovered derivatives. Zienkiewicz and Zhu15

presented a local recovery technique that yields very good results.
Analyses of the Zienkiewicz–Zhu global � ux projection estimator
were performed by Ainsworth et al.16 and Ainsworth and Oden.17

Results show that, even if the basis of the estimator is heuristic, the
method produces good estimates of the error.

The methodology presented here is based on adaptive remesh-
ing coupled to a � nite element solver for steady-state compress-
ible turbulent � ows. Turbulence is modeled using the standard k–²
model of Launder and Spalding.18 Turbulenceequationsare written
in terms of the logarithmsof k and ² following Ilinca5 and Ilinca and
Pelletier.6 Error estimatesare obtainedby a local projectionmethod.
The remeshing proceduremakes it possible to easily perform adap-
tive grid re� nement studies so that grid independentpredictionsare
obtained.6 ;7 In Refs. 19 and 20, Ilinca and Pelletier have demon-
strated the methodologyon compressiblelaminar � ows with known
analytical solution and by computing cases for which experimental
measurements were available. The methodology was also applied
to zero- and two-equation models of turbulence for incompressible
� ows.21 – 24 Here we present an extension of the methodology to
compressible turbulent � ows.

The focus of the present work is on demonstrating how adap-
tivity can produce grid-independent predictions for two-equation
models of turbulence in compressible � ows. We restrict ourselves
to subsonic and transonic regimes. The method presented could be
extended to supersonic � ows. This would require changes in the
� ow solver to handle boundary conditions for supersonic � ows and
modi� cations in the turbulencemodel to accountfor compressibility
effects, for instance, see Ref. 25 or 26.

The paper is organized as follows. Section II presents the com-
pressible Reynolds-averagedNavier–Stokes equations and the tur-
bulence equations for the standard k–² model of Launder and
Spalding.18 Section III discusses the change of variables leading
to the logarithmic form of the turbulenceequationsand some of the
advantages of using such variables. The solution algorithm is dis-
cussed in Sec. IV. Section V summarizes the � nite element formu-
lation used to solve the differential equations. The error estimation
and adaptive strategies used in conjunction with the new variables
are reviewed. Section VI presents results obtained on problems for
which closed-formsolutionsor experimentaldata are available.The
paper ends with conclusions.

II. Modeling of the Problem
A. Flow Equations

The � ow regime of interest is modeled by the Reynolds-averaged
Navier–Stokes and energy equations

½u ¢ ru D ¡r p C r ¢ .¹ C ¹T / ru C ruT ¡ 2
3 Ir ¢ u C ½f

(1)

¡r ¢ u D .1=½/.u ¢ r/½ (2)

½cpu ¢ rT D u ¢ r p C r ¢ [.¸ C ¸T /rT ] C ½qs (3)

where ¹ is the � uid viscosity. In addition, the equation of state
relates density to pressure and temperature by

½ D p=RT .4/

The preceding equations are solved in the following dimensionless
form (for details see Ref. 20):

Q½ Qu ¢ r Qu D ¡r Qp C r ¢ . Q¹ C Q¹T / r Qu C r QuT ¡ 2
3 Ir ¢ Qu C Q½ Qf

(5)

¡r ¢ Qu D ° M2
1

° M2
1 Qp C 1

. Qu ¢ r/ Qp ¡ 1
QT

. Qu ¢ r/ QT (6)

Q½ Qcp Qu ¢ r QT D .° ¡ 1/M 2
1 Qu ¢ r Qp C r ¢ [. Q̧ C Q̧

T /r QT ] C Q½ Qqs (7)

Q½ D
° M2

1 Qp C 1
QT

(8)

The dimensionless variables are de� ned as

Qu D
u

U1
; QT D

T

T1
; Qp D

p

½1U 2
1

¡ 1

° M 2
1

M1 D
U1p
° RT1

; Qf D
f L

U 2
1

; Qqs D
qs L

cpU1T1
; Q½ D ½

½1

(9)

Qcp D 1; Q¹ D
1
Re

D
¹

½1U1 L
; Q¹T D

1
ReT

D
¹T

½1U1 L

Q̧ D 1
PrRe

D ¸

½1cpU1 L
; Q̧

T D 1
PrT ReT

D ¸T

½1cpU1 L

where subscript1 denotesa freestreamvariableand L is a reference
length.

As can be seen, this set of equations is perfectly well suited for
both compressible and incompressible � ows. The Mach number
identi� es the compressibility effects due to pressure. Therefore,
when M1 D 0, there are no density variations induced by the pres-
sure and no compressibilityterms in the continuityand energyequa-
tions. Moreover, without heat sources or heated walls, the � ow will
be isothermal. Hence, density will be constant, and the � ow will be
divergence free. If M1 equals zero and walls are heated, the equa-
tions for variable density (anelastic) � ows are recovered with the
proper equation of state.

The turbulentviscosity¹T and the turbulentthermal conductivity
¸T are computed using the k–² model of turbulence. In this model,
the turbulence quantities are the turbulence kinetic energy k and its
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dissipation rate ², which are governed by the following transport
equations18:

½u ¢ rk D r ¢ f[¹ C .¹T =¾k/]rkg C ¹T P.u/ ¡ 2
3 ½kr ¢ u ¡ ½²

(10)

½u ¢ r² D r ¢ f[¹ C .¹T =¾²/]r²g C C²1.²=k/ ¹T P.u/

¡ 2
3
½kr ¢ u ¡ C²2½.²2=k/ (11)

where the production of turbulence is de� ned as

P.u/ D ru : .ru C ruT / ¡ 2
3 Ir ¢ u .12/

The eddy viscosity and thermal conductivity are computed from
k and ² by

¹T D ½C¹.k2=²/ (13)

¸T D ¹T cp=PrT (14)

with the turbulent Prandtl number PrT equal to unity. The con-
stants ¾k , ¾² , C²1 , C²2, and C¹ take the standardvalues proposed by
Launder and Spalding18:

¾k D 1:0; ¾² D 1:3; C²1 D 1:44
(15)

C²2 D 1:92; C¹ D 0:09

B. Wall Boundary Conditions
On the boundarya combinationof Neumann and Dirichlet condi-

tions are imposed using wall functions, which describe the asymp-
totic behavior of the differentvariablesnear a solid wall.18 The nor-
mal derivative of the turbulent kinetic energy (TKE) is set to zero
near the wall. The TKE values at boundary points kw are computed
implicitly. The value of the wall shear stress is then given by

¿w D ½UC
1
4

¹ k
1
2
w

U C .16/

where

U C D
yC; yC < yC

c

1=· .EyC/; yC ¸ yC
c

(17)

yC D ½C
1
4

¹ k
1
2

w y

¹
(18)

Here y is the distance between the computationalboundary and the
wall, and roughness parameter E D 9:0 for smooth walls.

For temperature,boundaryconditionsat the wall may be enforced
by using a temperature wall function. The procedure is then simi-
lar to that used for the momentum equations.27;28 However, in the
present applicationsthe walls are adiabatic so that the wall heat � ux
qw is zero.

Finally, TKE dissipation at boundary points is obtained by using

²w D
C

3
4

¹ k
3
2
w

·y
.19/

III. Logarithmic Form of the Turbulence Equations
Although mathematically correct, the turbulenceequations in the

Sec. II may lead to dif� culties in the numerical solution algorithm.
For example, the eddyviscositymay becomenegativein some cases
if ² becomes negative. This will cause a dramatic breakdown of
the solution algorithm. Also, several source terms contain division
by the value of one turbulence variable (k, for example). Negative
or small values of the denominator can lead to improper sign or
overly large values. Enhanced robustness of the algorithm will be
achieved if one can ensure that turbulencevariables remain positive
throughout the domain and during the course of iterations.

One way to preservepositivityof the dependentvariablesconsists
in solving for their logarithms5 ;6:

K D .k/; E D .²/ .20/

Fig. 1 Solution algorithm.

Solving for K and E guarantees that k and ² will remain positive
throughout the computations. Hence, the eddy viscosity ¹T will
always remain positive.

The turbulence equations and the eddy viscosity de� nition for
logarithmic variables are given by

½u ¢ rK D r ¢ f[¹ C .¹T =¾k /]rKg C [¹ C .¹T =¾k /].rK/2

C ¹T e¡K P.u/ ¡ 2
3 ½r ¢ u ¡ ½ eE ¡ K (21)

½u ¢ rE D r ¢ f[¹ C .¹T =¾² /]rEg C [¹ C .¹T =¾²/].rE/2

C C²1 ¹T e¡K P.u/ ¡ 2
3 ½r ¢ u ¡ C²2½ eE ¡ K (22)

¹T D ½C¹ e2K ¡ E (23)

Note that the equations for logarithmic variables are equivalent to
the original equations of the turbulence model. Hence, there is no
change in the turbulence model. The only difference is that the
computational variables are now the logarithms of the turbulence
quantities; see Refs. 5 and 6 for details.

IV. Solution Algorithm
The momentum, continuity, and energy equations are solved in a

fully coupled manner, by expressing density as a function of pres-
sureand temperature.19;20 Linearizationis performedwith Newton’s
method. For the k–² model, a robust � nite element scheme is ob-
tained by rewriting the equations for k and ² in block triangular
form using the eddy viscosity de� nition.6 ;22 The global system of
equationsis solvedin a partlysegregatedmanner,as shown in Fig. 1.

The momentum, energy, and turbulence transport equations are
dominated by convection, and it is well known that a standard
Galerkin discretization leads to oscillations in the solution. Hence,
some form of upwinding is required to suppress these nonphysical
oscillations.Herewe use a variantof the streamline-upwind/Petrov–

Galerkin method as detailed in Refs. 5 and 20. The equations are
discretized using a six-node triangular element, which uses a linear
continuous pressure and a quadratic interpolant for velocity, tem-
perature, and turbulence variables.

V. Adaptive Methodology
Adaptive methods are now well recognized as means of improv-

ing solutionaccuracy and � ow resolution.References 9, 29, and 30
presenttypicalexamplesof adaptiveremeshing,h-re� nement,nodal
relocation, and p-enrichment methods. Adaptive remeshing has
been retained for the present work because of its ability to eas-
ily provide very high and localized resolutionof � ow features.21 – 23

In this approach, the problem is � rst solved on a coarse mesh. The
global and local accuracy of the solution is estimated, and an im-
proved mesh is generated with more elements where the solution is
insuf� cientlyaccurate.The problemis solvedagainon the new mesh
using the solutionobtained on the previous mesh as an initial guess.
The process is repeated until the required accuracy is achieved.

The key point in the adaptive process is the error estimation.
From a practicalpoint of view, the estimate of the error must repro-
duce the distribution of the exact error, indicating where the mesh
must be re� ned to improve accuracy. The � ow problem consists
of solving a system of tightly coupled highly nonlinear differential
equations:momentum,continuity,energy,turbulenceequations,and
state equation. The � ow is at high Reynolds number, and the Mach
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Fig. 2 Meshes for the analytical solution.

numberranges from the low-compressibleor incompressibleregime
up to transonic speeds. The viscous terms are important in bound-
ary layers, whereas away from the walls the � ow is nearly inviscid.
Therefore, the error estimator must be as general as possible. In this
work, theerrorestimatoris independentof thedifferentialequations,
of the solutionalgorithm, and of the � nite element formulation.The
main hypothesis is that derivatives of the exact solution are contin-
uous throughout the computationaldomain. This is true away from
shocks. The � nite element derivativesare discontinuousacross ele-
ment faces.An approximationto the exact derivativesis obtainedby
a local least-squares projection of the � nite element derivatives.15

An error estimate is obtained by computing the norm of the dif-
ference between the reconstructed and � nite element derivatives.
The technique has already been described in details in previous
papers5;6;22¡24; hence, it is not repeated here. Thus, the estimator is
not valid near shocks because the solution is discontinuousacross a
shock. Near shocks, the error estimator will always detect an error
larger than the exact error. In fact, near a shock, the estimate of the
error may become unbounded with mesh re� nement even though
the accuracy of the solution actually improves. This may result in
excessive re� nement near shocks and in an inaccurate global error
estimate. To avoid this, we have used the technique proposed by
de Sampaio et al.31 to deal with singularities.Near shocks, a lower
bound hmin is imposed on the mesh size. All elements for which
the adaptive procedureprescribes a mesh size smaller than hmin are
considered shock elements. For these elements, the mesh size for
the adapted grid is set to hmin , and their elemental contribution to
the global error is discarded.31

Once the error estimates are obtained for all variables, there re-
mains to design a better mesh. The adaptive remeshing procedure
described previously in Refs. 5 and 6 is used to cluster grid points
in regions of rapid variations of all � eld variables: velocity, pres-
sure, temperature, logarithmic turbulence variables, and the eddy
viscosity. The mesh characteristics (element size) are derived for
each variable on a given element. The minimum element size pre-
dictedby each of the dependentvariable is selectedon each element.
Details of this algorithm may be found in Refs. 5 and 6.

VI. Numerical Results
A. Turbulence Decay in an Uniform Flow

The performance of the logarithmic variables approach is illus-
trated on a simple but realistic problem with an analytical solution:
the decay of grid turbulence.In a uniform � ow, the production term
vanishes in the turbulence equations. The diffusion terms are also
neglected.Therefore, for u D 1 and v D 0, the turbulence equations
reduce to8

½
@k

@x
D ¡½² (24)

½
@²

@x
D ¡½C²2

²2

k
(25)

which have the following solution8:

k D ²0.²0=k0/¡[C²2=.C²2 ¡ 1/][.C²2 ¡ 1/.x ¡ x0/

C .k0=²0/]¡[1=.C²2 ¡ 1/] (26)

² D ²0.²0=k0/
¡[C²2=.C²2 ¡ 1/][.C²2 ¡ 1/.x ¡ x0/

C .k0=²0/]¡[C²2=.C²2 ¡ 1/] (27)

where k0 and ²0 are the turbulence kinetic energy and the turbu-
lencedissipationat x D x0 . The problemwas solvedon the rectangle

Table 1 Trajectory of the error on K

Effectivity
Mesh Nodes Elements Error estimate index

0 205 80 1:437£ 10¡1 0.61
1 164 67 6:519£ 10¡2 0.63
2 142 61 1:082£ 10¡1 0.85
3 91 36 5:173£ 10¡2 0.80
4 125 52 3:560£ 10¡2 0.83
5 187 80 1:705£ 10¡2 0.80
6 259 112 1:357£ 10¡2 0.85
7 385 172 8:175£ 10¡3 0.92
8 533 240 5:285£ 10¡3 0.93

Fig. 3 Histogram of the elemental error.

[0; 1]£ [0; 0:2]. The turbulence variables at the in� ow (x0 D 0) are
taken to be k0 D 1:0 £ 10¡4 and ²0 D 9:0 £ 10¡3. This corresponds
to a turbulence Reynolds number of 107 .

The computation is initiated on an uniform mesh of 80 elements
and 205 nodes. The meshes are then adapted to reduce the errors
in the logarithmic variables and the eddy viscosity by a factor of
two at each cycle of adaptation. The initial and � nal meshes are
shown in Fig. 2. Table 1 summarizestheperformanceof theadaptive
strategy for the error on the logarithm of k. As can be seen, in
the � rst three cycles of adaptation the error diminishes even if the
number of elements in the mesh decreases.This is possiblebecause
remeshing proceeds by a complete reallocationof grid points. Note
that the error is reducedby a factorof 27 between the initialand � nal
meshes.The last columnshows the effectivityindexof the estimator
(ratio between the estimatorand the true error). The effectivityindex
approaches one as the mesh is re� ned indicating that the accuracy
of the estimator improves with mesh re� nement. Similar results are
obtained for ² . Figure 3 shows a typical histogram of the elemental
error. It represents a count of the elements having the same level of
error. In an ideal situation all elements would have the same error.
In practice, we obtain a mesh with a clustering of elements near
the average error. As can be seen from Fig. 3, the mean error is
reduced throughout the domain. Furthermore, the proportion of the
elements clustered near the mean increases from one cycle to the
other indicatingthat the meshes tend towardoptimality(the standard
deviation decreases at each cycle). Note that mesh 4 contains fewer
elements than meshes0 and 2, but results in a more accuratesolution
because nodes are more ef� ciently distributed.

The numericaland exactsolutionsfor ² and its logarithmare com-
pared in Fig. 4. As can be seen, ² exhibits very rapid variations and
takes very small values while E varies more slowly. Similar results
are obtained for k and K. This is an important source of numeri-
cal errors if the eddy viscosity is computed from k and ² because
divisions by small numbers are performed. Logarithmic variables
present gentler variations and result in a more accurate represen-
tation of the eddy viscosity. Note that there is little difference be-
tween the exact solution and the solution on the � rst adapted mesh.
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Fig. 4 Distribution of ² and E.

Fig. 5 NACA0012 airfoil.

Hence, subsequent adapted solutions are not shown because grid-
independentpredictionshavebeenachieved.This improvementover
previous results8 is possibly due to the use of quadratic � nite ele-
ments and adaptivity.We have tried to solve this problem with both
the logarithmicvariablesapproachand the standardprocedureusing
k and ². However, it was impossible to obtain converged solutions
when equationswere solved for k and ² , even when the initial guess
was the solution obtained in logarithmic variables. This illustrates
the increased robustness due to the use of logarithmic variables.

B. Transonic Turbulent Flow over an NACA0012 Airfoil
at M = 0:703 and ® = 3:22 Degrees

Compressible turbulent � ow over an NACA0012 airfoil at an
angle of attack of 3.22 deg is computed at a Reynolds number of

Fig. 6 Detail of the initial and � nal meshes near the airfoil.

Fig. 7 Mach number distribution on the initial and � nal meshes.

1:8 £ 106. The upstream Mach number is 0.703, which causes a
shock to form on the upper side of the airfoil. The initial and � nal
meshesobtainedafter three cyclesof adaptationare shown in Fig. 5.
As can be seen,the initialmesh is verycoarse,whereasthe � nalmesh
is highly re� ned near the airfoil. Note also the mesh re� nement in
the wake of the airfoil. This is mostly due to the eddy viscosityerror
estimate. Figure 6 shows details of the mesh near the airfoil. The
extreme clusteringof grid pointsalong the airfoil and near the shock
isclearlyseen.Figure7 presentstheMachnumbercontoursobtained
on these meshes. Figure 8 presents contours of the eddy viscosity
near the airfoil. It is clear that the solution accuracy improves with
mesh adaptation.
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Fig. 8 Contours of the eddy viscosity.

Fig. 9 Contours of k, ², and logarithmic variables on the � nal mesh.

Figure9 presentscontoursof k and² and their logarithmsobtained
on the � nal mesh. Several observations can be made: The � elds of
K D .k/ and E D .²/ present gentler variations than those of k
and², an indicationthatdiscretizationof logarithmsresultsin a more
accurate approach. Also the fronts in K and E are not as steep as
those in k and ² except perhaps across the shock. This is especially
true for ², which is very large near the leading-edge stagnation
point (dimensionless value of order 2, whereas it is of order 10¡8

in the freestream). Note also that close to the leading edge there are
points with very small values of ² , but for which the eddy viscosity
is important. In such a region, even small errors for ² may have
disastrouseffects on the eddyviscosity.This dif� culty is completely
eliminated when the logarithms are used to compute the solution.

Finally, Fig. 10 presents a comparison of predicted values of the
pressure coef� cient with experimental measurements.32 As can be

Fig. 10 Distribution of the pressure coef� cient on the airfoil.

Fig. 11 Detail of the meshes near the airfoil.

seen, the agreementwith the experimentaldata improves with adap-
tivity. Results on mesh 3 are grid converged.

C. Transonic Flow over an RAE2822 Airfoil
The � ow over an RAE2822 airfoil is computed at a Mach number

M D 0:725, ® D 2:54 deg, and a Reynolds number Re D 6:5 £ 106.
Four cycles of adaptation are performed. Details of the initial and
� nal meshes near the airfoil are shown in Fig. 11. Note the extreme
clustering in the boundary layer and in the wake, as well as near the
shock on the upper side of the airfoil. The pressure distribution on
the � rst and � nal adapted meshes is shown in Fig. 12. The solution
accuracyimprovessigni� cantly between thesemeshes. Finally, pre-
dictions of the pressure coef� cient along the airfoil are compared
with measurements32 in Fig. 13. The agreement improves steadily
with adaptation.However, the shock is sharper than measured,prob-
ably due to the use of wall functions, which do not account for the
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Fig. 12 Pressure distribution.

Fig. 13 Distribution of the pressure coef� cient on the airfoil.

viscous subsonic layer near the wall. Comparison of predictionson
meshes 3 and 4 indicate grid converged results.

VII. Conclusion
This paper presents the use of logarithmic variables for adaptive

solution of compressible turbulent � ows. The use of logarithmic
variable guarantees positivity of turbulence variables throughout
the domain and through the course of iterations. This increases the
robustness of the solver.

The logarithmic variable formulation makes it possible to obtain
solutionson coarse initialmeshes.Becausethe logarithmsvarymore
slowly than their arguments,accuracyis improved near sharp fronts.
Furthermore, accuracy in regions of low-turbulence level is also
improved because divisions by small quantities are eliminated.

The adaptive procedure uses error estimates in all � eld variables
including the eddy viscosity. Hence, adaptivity reacts to shocks,
shear layers, stagnation points, boundary layers, and wakes. This
results in improved accuracy for all � eld variables.

The methodology was validated on a case possessing a closed-
form analytic solution. Adaptive predictions indicate good agree-
ment with measurement for the airfoils considered.However, shock

predictionsare sharper than measurements. This is probably due to
the use of wall functions that do not account for shock–boundary-
layer interactions. Adaptivity is a simple tool to perform adaptive
grid re� nement studies leading to grid independent predictions.
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